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Effects of Transverse Shearing Flexibility on Postbuckling
of Plates in Shear

Manuel Stein*
NASA Langley Research Center, Hampton, Virginia

This paper presents buckling and postbuckling results for plates loaded by in-plane shear. The buckling results
have been plotted to show the effects of thickness on the stress coefficient for alaminum plates. Results are given
for various length-to-width ratios. Postbuckling results for thin plates with transverse shearing flexibility are
compared to results from classical theory. The problems considered are the postbuckling response of plates in
shear made of aluminum and of a +45 deg graphite-epoxy laminate. Thus, the materials are isotropic and
orthotropic, respectively. The plates are considered to be long with side edges simply supported, with various
in-plane edge conditions, and the plates are subject to a constant shearing displacement along the side edges.
Characteristic curves presenting the average shear stress resultant as a function of the applied displacement are
given. These curves indicate that change in in-plane edge conditions influence plate postbuckling stiffness and

that transverse shearing is important in some cases.

Nomenclature

AlhA 12yA229A331

Ay, Ass,Ags = orthotropic plate extensional stiffnesses

a,b,h = dimensions of rectangular plate parallel
to x, y, and z axes, respectively

C11,C12,C,C3,

C44,Css5,Ce6 = stiffnesses in Hooke’s law for each lamina

Dyy,Dy;,Dy,,Dg = orthotropic plate bending stiffnesses

E = Young’s modulus for material

M = bending moment in plate per unit length

y
Ny,N,,Ny, = in-plane stress resultants in plate
Ny sNy, = transverse stress resultants in plate
N¥ = average shear load
Ng = value of N at buckling
U = applied end shortening
u = applied shear displacement
u,v,w = displacements in x, y, and z directions,
respectively
b ¥4 = plate coordinates
€x5€y,E7,
YyzsYxz> Yoy = strains in plate
A = buckle half-wavelength
u = Poisson’s ratio for material
Ox30y,0z,

TyzsTxz»Txy = stresses in each lamina

Introduction

OR linear problems, classical plate theory predicts inplane
stresses and deformation that are comparable to those
given by three-dimensional elasticity for thin plates of homo-
geneous material. Conventional transverse shearing theory
makes similar predictions for sandwich construction and for
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thicker plates of homogeneous material. Transverse stresses
are generally small compared to the largest in-plane stress;
however, they can be important when the plate is relatively
weak in the transverse direction and when the plate response
is sensitive to the transverse stiffness as in buckling and the
higher modes of vibration.

Classical plate theory and conventional transverse shearing
plate theory are two-dimensional and they predict in-plane
stresses directly, but they are not accurate enough to predict
transverse stresses directly. An accurate nonlinear two-dimen-
sional theory for laminated and thick plates with three-dimen-
sional flexibility has been derived in Ref. 1. The essential
difference between this theory and classical theory or conven-
tional transverse shearing theory is the use of trigonometric
terms in addition to the usual constant and linear terms that
represent the through-the-thickness variation of the displace-
ments. This new theory is applied to cylindrical bending plate
problems in Ref. 2 to show that the theory can predict directly
the transverse stresses as well as the in-plane stresses. Refer-
ence 3 presents results for the buckling of thick, rectangular
simply supported aluminum plates in compression showing
that transverse shearing flexibility must be included for thicker
plates. Reference 3 also presents postbuckling results for long,
thin simply supported plates in compression, which show that
measureable transverse shear strains occur in the postbuckling
range for the plate made of a +45 deg composite laminate.
These results show changes due to transverse shearing in de-
formations and forces for the plates made of aluminum as well
as the x45 deg composite laminate when the edges are held
straight and, as expected, changes for all boundary conditions
for transverse shearing force. The purpose of the present
paper is to present similar results for the buckling of thick,
rectangular simply supported aluminum plates in shear and to
determine if the plate postbuckling response for thin plates is
sensitive to transverse stiffness for in-plane shear loading.
Characteristic curves presenting the average shear stress resul-
tant as a function of the applied displacement are given for a
wide variety of in-plane edge conditions.

Analysis
Buckling

Equation (32) of Ref. 1 presents stability equations for
transversely isotropic plates where the effects of displacements
trigonometric in z, the coordinates through the thickness
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(three-dimensional flexibility theory) as well as linear in z
(conventional transverse shearing and classical theories), are
taken into account. These equations are solved for simply
supported, rectangular aluminum plates loaded in in-plane
shear for various length-to-width ratios and thickness ratios
using all three theories. Delayed division is the method of
solution as described in Ref. 4. The results are obtained using
40 terms in a double Fourier sine series.

Postbuckling

The derivation of the equations to be solved using classical
(Kirchhoff) theory has been presented in Refs. 5 and 6. The
derivation of equations using conventional transverse shearing
theory follows similarly and, accordingly, is not presented in
detail here. Using both theories allows one to decide which
approximation is needed to provide reasonably accurate re-
sults for the range of variables considered.

To help understand the differences between the various
theories, it is convenient to start with the more complicated
theory and then neglect or change terms to get to the less
complicated theory. For conventional transverse shearing the-
ory, the displacements are [from Eq. (24) of Ref. 1]

u(x,y.z) =u’(xy) + u(,yXz/h)
v(x,y,z) = v°0,y) + v,y )z /h)
w(x,y,z) = wo(x,y) (0))

and the nonlinear strains corresponding to these displacements
are taken to be [from Eq. (25) of Ref. 1]

& =uS + VawS2 + ub(z/h)

€, =05 + Vaw$2 + v5(z/h)

e, =0
Yoy = UG + VS + wowS, + (U, + v5)z/h)
Y= W5 + W/ h)

Yy = WU/ R) + W5 2

In classical plate theory, u%/h and v/h are replaced by
— w5 and — w9, respectively, to satisfy the Kirchhoff as-
sumption that lines normal to the undeformed neutral surface
remain normal to the neutral surface after deformation.

Guided by Refs. 5 and 6, the form of the unknown displace-
ments are

.2 2
u’=-U <)—C —1> + ug(y) + ul(y) sm—wfﬂ- ul(y) cos—m—c

a 2 A A
. WX N X
u®=ul(y) smT +ul(y) cos~)\—
. 2mwx 2wx
v =vf(y) + vs(¥) sin =X 4 v2(y) cos =X

A A

X X
v9=vi(y) sinz% + v4(y) cos%

we = w2(y) sinz)\)—( + wl2(y) cos% ?3)

The transverse displacement w and the bending parts of u
and v, which are all exact at buckling, are sinusoidally periodic
with half-wavelength \. The extensional parts of # and v, i.e.,
u° and v°, are sinusoidally periodic with half-wavelength \/2
and u° has an extra linear-in-x term associated with the con-
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stant U that is the applied displacement (for compression
loading) and, therefore, specified.

The virtual work of the internal forces for a three-dimen-
sional body is

a (b (w2
oIl = o o h/2(0x6€x + 0,0€, + 0,8¢; + 745,671

+ Ty Oyxz + Tyz57yz) dx dy dz “)

For the cases treated here, Hooke’s law for the relation of
stresses to strains for each lamina is taken to be

( Oy ) _Cll C12 0 0 0 0 ] réx )
ay C12 sz 0 0 0 0 €y
g, 0 0 033 0 0 0 €z
< \ = < > 5)
Ty 0 0 0 Cu 0 0 ||
Txz 0 0 0 0 C55 0 Yxz
L™ I 0 0 0 0 0 Cg IREE3

Stress and moment resultants may be defined. Examples are

k2 27x 2ax
N, = =Ny + N; sin— + Ny cos——
y S_maydz y y sin—=+ Ny cos—

X

/2 _—
M, = g,z dz = M, sin— + M cos x
—h2

A

Differential equations and variationally consistent boundary
conditions were derived from the virtual work in Ref. 5 or 6
for the conventional transverse shearing theory in much the
way as for classical theory. A computer program was then
written for this case. The detailed boundary conditions at
y = 0,b used were

Classical
v§ v? =v?
ul =ul = Jor \= or
0 s C
N)’ Ny - N)’

=wy =wl =M, =M; =0

Conventional transverse shearing

v§ vy =vf

u =ul =ul=ul=Jor} = or
0 s (4
NS N3 =N¢§

=wl=wl=M;=M;=0

where the edges were straight if v2 = v2 = 0 in addition to the
other conditions and the edges were considered to be unre-
strained if Nj = Ny = 0 in addition to the other conditions.

The half-wavelength A of interest for the infinitely long
plates considered here is the one that corresponds to minimum
shear load and the solution of interest is on the equilibrium
path that gives nonzero deflections.

Results and Discussion

The results obtained in this study for the aluminum plates
are based on the thickness A = 0.1 in. and with mechanical
properties of E = 10.7 x 10 psi and p = 0.33.

Buckling results for an aluminum plate are presented in
Fig. 1. The results presented in Fig. 1 show the variation of the
buckling stress coefficient with thickness ratio as given by the
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Fig. 1 Effect of thickness on the shear buckling stress coefficient for
simply supported aluminum plates.
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Fig.2 Characteristic curves for the postbuckling of long, simply
supported aluminum plates in shear.

three theories (classical, conventional transverse shearing, and
three-dimensional flexibility) for a range of length-to-width
ratios. These results show that, for aluminum plates with
thicknesses greater than about 5% of the plate width, the
effects of transverse shearing should be included in determin-
ing the in-plane shear buckling stress. This lower buckling
stress would be important in determining the buckling load of
heavily loaded shear webs or heavily loaded fuselages with
closely spaced stiffeners and the start of postbuckling. How-
ever, a closer look at these results shows that, at best, for
thickness ratios of interest (for thicker plates), the buckling
stresses are near or above the elastic limit and elastic postbuck-
ling studies could serve only as a guide. Accordingly, in order
to be of practical use, the postbuckling results presented here
will be directed toward plates with thickness ratios b/h greater
than 10. Therefore, from the results of Fig. 1, it would seem
that only classical theory would be needed; however, for com-
pression (see Ref. 3) it was found that for postbuckling con-
ventional transverse shearing theory was needed to get accu-
rate transverse shear loads and for straight edges to get more
accurate displacements and force resultants.

Characteristic curves are presented in Figs. 2 and 3 for the
postbuckling in shear of rectangular plates made of aluminum

uA66b
4 3 2
N By Ppor

Fig. 3 Characteristic curves for the postbuckling of long, simply
supported =45 deg graphite-epoxy plates in shear.

and =45 deg graphite epoxy, respectively. The aluminum
results are based on the properties given above with the width
b =10 in. The +45 deg graphite-epoxy laminate results are
based on the dimensions of 2 = 0.1 in. and » = 10 in. and the
following properties (the units of D are inch-pounds and the
units of A are pounds/inch):

Dy, = Dy =0.5186 x 103 Az =0.59 x 10°

Dy, =0.37291 x 10° Az = 0.44606 x 10°

D66 = 0.40423 X 103 A44 = A55 =0.5% 105

A=Ay = 0.62034 x 10° A66 = 0.48352 x 10°

The average in-plane shearing stress corresponding to the
applied in-plane displacement is plotted in terms of dimen-
sionless parameters for infinitely long plates. Curves were
obtained from both theories—the classical and the conven-
tional transverse shearing. The curves give the same results at
buckling, but then begin to deviate, with curves representing
the four in-plane edge conditions considered with the simple
support (w = M, = 0) condition. The in-plane conditions con-
sidered are that either the average values of the in-plane dis-
placement or the resultant force are zero (v, = 0 or N}V = 0)
and that either the edges are straight or unrestrained to move
in and out. Identifying the curves in terms of predominately
extensional or bending behavior leads to some interesting
observations. First, one expects that the plate behavior under
increasing extension may involve large strains followed by
plasticity and then overall changes in thickness (necking
down), but with no unusual effects associated with thickness
in the elastic range. A plate in bending undergoes large deflec-
tions and folds or kinks, involving large thickness (transverse
shearing) effects and plasticity. The present problem involves
extensional deformations prior to buckling and bending defor-
mations at buckling. From the high slopes of the postbuckling
curves, it seems safe to say that the curves presenting results
for v,, = 0 involve predominately extensional behavior (such
as diagonal tension). The curve with the lowest slope repre-
sents the weakest in-plane condition and therefore must be
associated more closely with bending. The buckle wavelengths
of the plates with higher postbuckling stiffness are lower than
the wavelength at the critical load and the wavelengths of the
plates of lower postbuckling stiffness are higher. The results
for Nj¥ = 0 involve predominately bending behavior and, for
the stiffer in-plane conditions (straight edges), the wavelengths
are not as long as for the weaker in-plane conditions (unre-
strained), but still larger than the wavelength at buckling.
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Also, small effects due to transverse shearing begin to appear,
indicating that transverse shearing will become important as
the applied shearing displacement is increased. The present
analysis has the most transverse shearing effects when the
edges are straight, but free of in-plane stress N} on the aver-
age. This was true also for compression loading (see Ref. 3).
Here, the characteristic curves were affected; there the effect
did not show up on the characteristic curves.

Conclusions

Results presented here for aluminum plates show that theo-
ries which include transverse shearing flexibility are required
to obtain buckling loads for thicker plates in shear. When the
shear loads go beyond buckling, there is a considerable range
of results possible for simply supported thin plates with differ-
ent in-plane boundary conditions representing a range of be-
havior from mostly extensional to mostly bending. Transverse
shear effects are more important for thin plates with straight
edges and with mostly bending behavior as the shear loading
is increased. Thin plates made of a +45 deg graphite-epoxy
laminate have less stiffness in the postbuckling range than
aluminum plates of the same overall dimensions for both
compression and shear loading. Beyond buckling, the analysis
of thin plates in compression has also been shown to require
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theories that include transverse shearing flexibility for the
boundary condition free of in-plane stress, but with the edges
held straight. The present results show that classical theory is
valid for shear for applied displacements up to about seven
times the critical value or more, depending on the in-plane
conditions.

References

IStein, M., “‘Nonlinear Theory for Plates and Shells Including the
Effects of Transverse Shearing,”” AIAA Journal, Vol. 24, Sept. 1986,
pp. 1537-1544.

2Stein, M, and Jegley, D. C., “Effects of Transverse Shearing on
Cylindrical Bending, Vibration and Buckling of Laminated Plates,”’
AIAA Journal, Vol. 25, Jan. 1987, pp. 123-129.

3Stein, M. and Bains, N. J. C., “Postbuckling Behavior of Longitu-
dinaltly Compressed Orthotropic Plates with Three-Dimensional Flex-
ibility,”” AIAA Paper 86-0976, May 1986.

4Thurston, G. A. and Bains, N. J. C., “Solution of the Symmetric
Eigenproblem AX = ABX by Delayed Division,”” NASA TP 2514,
March 1986.

5Stein, M., ““Postbuckling of Long Orthotropic Plates in Combined
Shear and Compression,”” AIAA Journal, Vol. 23, May 1985, pp.
788-794.

6Stein, M., “‘Analytical Results for Post-Buckling Behavior of
Plates in Compression and in Shear,”” Aspects of the Analysis of Plate
Structures, edited by D. J. Dawe et al., Clarendon, Oxford, England,
1985, pp. 205-223.

Recommended Reading from the AIAA
Progress in Astronautics and Aeronautics Series . . .

@

TO ORDER: Write AIAA Order Department,
370 L’Enfant Promenade, S.W., Washington, DC 20024

to change without notice.

Single- and Multi-Phase Flows
in an Electromagnetic Field: Energy,
Metallurgical and Solar Applications

Herman Branover, Paul S. Lykoudis, and Michael Mond, editors

This text deals with experimental aspects of simple and multi-phase flows applied to
power-generation devices. It treats laminar and turbulent flow, two-phase flows in the
presence of magnetic fields, MHD power generation, with special attention to solar
liquid-metal MHD power generation, MHD problems in fission and fusion reactors, and
metallurgical applications. Unique in its interface of theory and practice, the book will
particularly aid engineers in power production, nuclear systems, and metallurgical
applications. Extensive references supplement the text.

Please include postage and handling fee of $4.50 with all orders.
California and D.C. residents must add 6% sales tax. All foreign orders
must be prepaid. Please allow 4-6 weeks for delivery. Prices are subject

1985 762 pp., illus. Hardback
~ ISBN 0-930403-04-5

AIAA Members $59.95
Nonmembers $89.95

Order Number V-100




